


knights -knaves
2 I6 ZAG RSAEncryption Problem

#permutations? Bob's private key p:13 q=1
identical lettersdo notapper together

n =pq e =5?

total # permutations c =M"mode Alice

= is M =cdmod, Bob ed = 1 (mod(p-1) (g-1))
5d =1 (mod(13-1) (11-1)(·

was toen 5d=/(mod 120) Linear Congruence
e solution

ax =b(modm).jedamt="only
exists

thisgad(5,120) =5 71

!+4! thusthechoice of 5for C is incorrect

Choice 2: C= 7

gCd(2,120)
==

>d =1mod(12) d = ?

1 =5.7 +1.120

103.7 - 6.120

=721-220 =11

d =

103

Truth Tables Domains

P 9 p19 prq p* 9 9 Natural:0, 1, 2,3....
I I I I

10 O I I Intiges..... 3,-2, -1,0,1,2,3
0 I 0 I It000d Rational. - A, D

O

Real: -0, A including;
Predic at Logic Propositional Logic Rules

-order of quantifiers doesntmutter
if they are thesame type p - q

=

cq
-ip

↓xfy)xxy) =fy4x(xxy) p1q
=

g1p -(p1q)
=

ypV q

- Negation +DeMorgans pVg =qup -(p(q) =
<p 1 -

q

-txP(x) =5 x 7P(x) &cm bring in A-B
=(A1B) v(-A1 + B)

77xP(t) =fx < P(x)

or bring out- p1(915) =(19) 1r
-(p =g) =p*9

AxP(x) =17 x +P(x) <up
=

p peq
=(pr-q)e(rpvq)

7xP(x) =20x ,P(x) p1(prq) =p

proofs via youn: pr(p1q) =p
Ichooses firsttrying toprove false
I chosses second trying toprove scenture true

if Iwill TRUE
--



FermatesLittle Thrm

notstarting withZero Ex: x =2705(mod5)

↳lensesas
Ex:How my 10 digitin

5:prime and is notmultiple
applies

PEA

#permutation with10 digits =10!

x =32019(mod5L NFA -> DFA

#permutations startwithzero =
9I. a,b

-Thee
answer 10! -9! =3265920

2019 =4.504 +3

a=1 (modp( WEA
->
count subsets x =3".504.3" (mod st 3"=1 (mod 5t

->
thencountpermutations x

=1. 27 (mod st em↳ of subsets O
thus x =2

niceact 2703 mod13=12=-1
person

even #0's Ca,by length 4
3. #I'S da

permutations
⑰ ⑳disa 2 ⑳ -

2, f b, c,d,g to do so to do to aabb

(abab)*↓ ↓
b C

↓ abab

C

-
a

/
f

a

=576 choices
⑩N

baab

--- 2 4. 3.2
"

bbbb

-
d I

4 colors
do same touching

Big-O lestcomplexity
Injective:

no two outputsthesave Cuniquel
a*(x2+x) =ret) ·ovestr
(

subjective: every outputis
satisfied

- 5 paws dese Bijective:both
<-" mability
↓ py) true IRnotcountable

proces Int countable

Induction
(3fee IN countable

a, =4 Gz =12 Rational #'s countable
prove au/an

S: S infinit set) - countable

stro durtioventpower set(s) =uncountable
becust an-2

-DataErre15s-st) foved be easier g(d(a,b) =g(d(a,a -b)

Weak Induction Fo = 0 F, =1 Fr= Fantine for n=2

prove
for all N, 5V-e" is a multiple of 3 det of Fiburachi sequence

① (base case) n =0 5°2"=0 30 =0/

sub⑧ (inductive steps

inuseverbeen5/5- e) +3e



~weproblems
centence is irrationat

Frfm(r =z)

VFm(n =m)

EnEm(nOn n.n. 2 =m.mL

② f:A+B A, CA, A2 =A

f (A, nA2) =f(A.) vf(A)

f(A1) =Sf(a) e B1acA,3 irige of A,

③ In Fo = 0 F, = 1 Fr=Fantine for n=2

det of Fibonachi sequence

Prove Farm isa multiple of Fr.

/ Fo =F2.s multiple of tEn I ·"i"',", eisu, 55,

byinductionthe Fo.n =F =0 0 is a multiple
of all intigers

Inductive step: IH:Frn=1E lCI

F(m+ 1) n =In+1= FinFr +FrFrm+l IH: ->

given Enth=FaFr+ +Fat, Fa &FnFr-, +FnFrn+

m
= -er+

Funi
ud:
d



④ Sa,b3 b(aub)*b

bb, bab, bbb,...

Draw a DFA for Layrage:

⑧ deterministic

a,b

⑳ deterministic

⑤RSAEncryption Problem

Bob's private key p:13 q=1
n =pq e =5?

c =M"mode Alice

M =cd mod n
Bob ed =1 (mod(p-1) (9-1)(

5d =1 (mod(13-1)(11-1)(

5d=/(mod 120) Linear Congruence
e solution

ax =b(modm).jeda,mt="only
exists

thisgad (5,120) =5 7I

thusthechoice of 5for C is incorrect

Choice 2: C= 7

gCd(2,120)
==

>d =1mod(120) d =?

1 =5.7 +1.120

103.7 - 6.120

=721-220 =11

d =

103



⑥ 1347 digitsum=15

1030 digitsum:4

how many 4 digitnumbers have a digitsun:9

2digitnumber
1000 -> 994

9 unitsinto 4 boxes

1233 -9 firstboxmust contain atleast1 digit
2412 -> 9

only realy 8 units into 4 boxes

8010 - 4

1,**:() -ie =145

oSelection PoeaReititions Allowene

is not
(r) =-r:

(i) =(n
=1) -(E)



Practice Final Exams

①Allister +Bob

one is knightand one is unava~
t ->2b

b -> rt

be

bob curnet
it kno

a
knig

h
Y

bob
Mus

2) A =IN-50,13
f:A -A

f(15) =f(3.5) =3

injective? Surjective?bjective?

f(2):2 not injective
f(x)

=
2

is subjective

③ an:10am. -Kan-z for not

a=4ag=12 prove withstrong induction 2"lan
for =1

base case:n=1
n =2

12
=
32 =a, == =

e 4 =12 I

if is man the eMlan

an
=10ans-12an-2

# :10s2"-12 +er

er(- ) =ev/5s-st)



④ NFA -> DFA

a,b

WFA -
mustend in

a

b

em
⑤
....

⑯ k
=
1 bothpositive into

distribute atindistinguishable apples intoa distinguishable children

where each child has at

C 6a-

ntr
- 1) =a -

leastI applen - 1

15) =se! in particular for

a =6 n =4



·The
Ex

e
good wavesid -a

id -> True

knights
manuscript notin Library

impossible totell if Arch is truthfull

② injective function

N= x (N xN1< Z

fa(x,y):3-2"x notinjectiv

fx(x,y) =3".2*

③ Ca,by length 4

⑳
aabb

baab (abab)*
abab

bbbb

⑰ col's
2703

1300

+2 13 x 7

2400 al

2691
15 power

of
udd

2019posoti #the
12

12
=1

Mod 13
12



⑤How may 10 digit#'s
notstarting withZero

#permutation with10 digits =10!

#permutations startwithzero =
9I.

answer 10! -9! =3265920

⑥?I6.AG.

# permutations?
identical lettersdo notapper together

total # permutations

= is

repres 22

choose

! was together

reported66



① All make thesame
claim mustbe on the
sae team

⑳The union of finite
sets is notfinite

-

③ ⑩
-
⑮
⑧

⑲
⑧ p

=5q
=3

M = 3 m =3=a

odd prime
#

4k

⑤ 9peformances
3 different operas for each

Amneris Verdis Aida
Brunkilde Wagners Wallerie
Carmen Bizeds Carmen



⑤ e?!

⑥ 3 dice 18 total optars
I mustshow sure value

=(i)

order doesn'tmatter 6 wags
order does mutter 15 ways



3 rolls produce consecutive

increasing valus

order matters."

!



① a -b

b -x

--> die

d -> 79

e -> c 11 e

C have

b knight
a knight

e
M

⑲ 2.5/3
2los x
e

e+elos
e+x e*
-

③ accepts all words 30, 13 3.5/4
that do notcontain 0,0,0

0 o

so

⑩⑧
U e 1930

I 193
-

⑭ 20011 193 x 10

1930

2703 mod193
x II

2021 2

I Mod 193

⑰



⑤Gad(a,b) =gcd(a,aib)

ged(a,) =
1 Y/z

1,2, ....

d =0

⑥



① a - +, nran - b) a and

b - a b hnaves

t, nottreasure

(x +21(x+ , d) both haves

d-5 C 72 nottrasure

e IS to off I have

f> tx M C

to is trasure

f knight

② week induction

neN (1 +x) =1 +nx
xx - 1

1+1x
becase 1 =0

x +x0 =1 +ox
I = I

action

( +x)
+
21 +nx +x

#
(1 +x)"(1 +x) =(1 +x) +nx ↳**(, +nx))1 +x)2 ) +x) +(ax) =



⑤ even #O's

#I's multiple of 3

minimal automiton 6 states

isso
⑳⑤

⑭
08

10011

⑭ smallest < 2022

X =3 (mod 4)
x =

3 (mod 27)
x
=
- (od 25)


